Abstract. We introduce systematic methods to construct Grothendieck categories from colored quivers and develop a theory of the specialization orders on the atom spectra of Grothendieck categories. We show that any partially ordered set is realized as the atom spectrum of some Grothendieck category, which is an analog of Hochster's result in commutative ring theory. We also show that there exists a nonzero Grothendieck category with no prime localizing subcategory. This gives a negative answer to Popescu's question.
Introduction
The aim of this paper is to provide systematic methods to construct Grothendieck categories with certain structures and to establish a theory of the specialization orders on the spectra of Grothendieck categories. There are important Grothendieck categories appearing in representation theory of rings and algebraic geometry: the category Mod R of (right) modules over a ring R, the category QCoh X of quasi-coherent sheaves on a scheme X ([Con20, Lem 2.1.7]), and the category of quasi-coherent sheaves on a noncommutative projective scheme introduced by Verevkin [Ver92] and Artin and Zhang [AZ94] . Furthermore, by using the Gabriel-Popescu embedding ([PG64, Proposition]; Theorem 5.18), it is shown that any Grothendieck category can be obtained as the quotient category of the category of modules over some ring by some localizing subcategory. In this sense, the notion of Grothendieck category is ubiquitous.
In commutative ring theory, Hochster characterized the topological spaces appearing as the prime spectra of commutative rings with Zariski topologies ([Hoc69, Theorem 6 and Proposition 10]; Theorem 7.2). Speed [Spe72] pointed out that Hochster's result gives the following characterization of the partially ordered sets appearing as the prime spectra of commutative rings. 3). Let P be a partially ordered set. Then P is isomorphic to the prime spectrum of some commutative ring with the inclusion relation if and only if P is an inverse limit of finite partially ordered sets in the category of partially ordered sets.
We show a theorem of the same type for Grothendieck categories. In [Kan12a] and [Kan12b] , we investigated Grothendieck categories by using the atom spectrum ASpec A of a Grothendieck category A (Definition 2.6). It is the set of equivalence classes of monoform objects, which generalizes the prime spectrum of a commutative ring: for a commutative ring R, there exists a canonical bijection between ASpec(Mod R) and the prime spectrum Spec R (Proposition 2.9). In this paper, we discuss two structure of the atom spectrum of a Grothendieck category: the topology and the partial order. The topology on the atom spectrum is not a direct analog of the Zariski topology in commutative ring theory. In the case of a commutative ring R, the open subsets of ASpec(Mod R) correspond to the specialization-closed subsets of Spec R (Proposition 3.3). On the other hand, the partial order on the atom spectrum is a generalization Specialization-closed subsets of Spec R Closure {α} of an atom α {q ∈ Spec R | q ⊂ p} for a prime ideal p Generic point in ASpec A Unique maximal ideal of R of the inclusion relation between prime ideals of a commutative ring (Proposition 4.3). Further correspondences between notions of ASpec A and those of Spec R are collected in Table 1 .
Recall that a topological space X is called Kolmogorov (also called a T 0 -space) if for any distinct points x 1 and x 2 in X, there exists an open subset of X containing exactly one of them. A topological space X is called Alexandroff if the intersection of any family of open subsets of X is also open. For a Kolmogorov space X, we can regard X as a partially ordered set by the specialization order on X. It is well known that this correspondence gives a bijection between Kolmogorov Alexandroff spaces and partially ordered sets (Proposition 4.1 (1)).
For a Grothendieck category A, we show that ASpec A is a Kolmogorov space (Proposition 3.5). We regard ASpec A as a partially ordered set together with the specialization order. For a commutative ring R, the topological space ASpec(Mod R) is Alexandroff. Hence the topology and the partial order can be recovered from each other. In general, since the topological space ASpec A is not necessarily Alexandroff (Example 3.4), the topology may have more information than the partial order. In this paper, we mainly focus on the partial order on the atom spectrum since the topology has more complicated structure. Our main result is the following theorem, which contains a complete characterization of the partially ordered sets appearing as the atom spectra of Grothendieck categories. Theorem 1.2 (Theorem 7.27).
(1) Any Kolmogorov Alexandroff space is homeomorphic to the atom spectrum of some Grothendieck category.
(2) Any partially ordered set is isomorphic to the atom spectrum of some Grothendieck category as a partially ordered set.
The characterization of the topological spaces appearing as the atom spectra of Grothendieck categories remains open.
Kaplansky's problem, asking which partially ordered sets appear as the prime spectra of commutative noetherian rings, is still unsolved (see [WW10] for the details). For finite partially ordered sets, we have the following result. Theorem 1.3 (de Souza Doering and Lequain [dSDL80, Theorem B]; Theorem 7.4). Let P be a finite partially ordered set. Then P is isomorphic to the prime spectrum of some commutative noetherian ring with the inclusion relation if and only if there does not exist a chain of the form x < y < z in P .
Since Theorem 1.1 implies that any finite partially ordered set appears as the prime spectrum of some commutative ring not necessarily noetherian, the answer to Kaplansky's question is expected to be quite different from Theorem 1.1.
The partially ordered sets appearing as the atom spectra of locally noetherian Grothendieck categories satisfy the ascending chain condition similarly to the case of commutative rings (Proposition 4.6). On the other hand, we show that the locally noetherianness does not restrict the structure of partial orders in the case of finite partially ordered sets. Theorem 1.4 (Corollary 7.24).
(1) Any finite Kolmogorov space is homeomorphic to the atom spectrum of some locally noetherian Grothendieck category.
(2) Any finite partially ordered set is isomorphic to the atom spectrum of some locally noetherian Grothendieck category as a partially ordered set.
In order to show Theorem 1.2 and Theorem 1.4, we introduce a construction of Grothendieck categories from colored quivers (Definition 7.6). By using this, we also show the following result, which is a negative answer to the question posed in [Pop73, Note 4.20 .3].
Theorem 1.5 (Theorem 8.5). There exists a counter-example to Popescu's question, that is, there exists a nonzero Grothendieck category with no prime localizing subcategory.
In section 2, we recall fundamental results on the atom spectrum of an abelian category. An element of the atom spectrum is called an atom. In section 3, we show some topological properties of the atom spectrum. In section 4, we introduce a partial order on the atom spectrum and investigate the maximality and the minimality of atoms. We show the existence of a maximal atom and that of a minimal atom under some conditions of noetherianness. In section 5, we investigate the atom spectrum of the quotient category of a Grothendieck category by a localizing subcategory. In section 6, we introduce the localization of a Grothendieck category at an atom. This is a reformulation of the localization of a Grothendieck category written in [Pop73] . We see that this operation is closely related to the partial order on the atom spectrum. In section 7, we introduce a construction of Grothendieck categories from colored quivers and show Theorem 1.2 and Theorem 1.4. In section 8, we construct several Grothendieck categories which have remarkable structures. We show Theorem 1.5 as one of these constructions. Notations 1.6. Any ring is supposed to be an associative ring with an identity element. Any module over a ring is supposed to be a right module. For a ring R, denote by Mod R the category of right R-modules and by mod R the category of finitely generated right R-modules. Any field is supposed to be commutative.
Any graded ring is supposed to be positively graded, and any graded module is Z-graded. For a graded ring T , denote by GrMod T the category of graded right T -modules. For a graded right T -module M = i∈Z M i and j ∈ Z, denote by M (j) the graded right T -module which is isomorphic to M as a nongraded right T -module and has the grading defined by M (j) i = M i+j .
Atom spectrum
In this section, we recall some fundamental results on the atom spectrum ASpec A of an abelian category A, especially in the case where A is a Grothendieck category.
We recall the definitions of main subjects in this paper.
Definition 2.1.
(1) An abelian category A is called a Grothendieck category if A has exact direct limits and a generator.
(2) A Grothendieck category A is called locally noetherian if there exists a generating set of A consisting of noetherian objects.
Remark 2.2. It is well known that the existence of exact direct limits in an abelian category A is equivalent to that A satisfies both of the following conditions.
(1) A has arbitrary direct sums.
(2) Let M be an object in A, N be a subobject of M , and L = {L λ } λ∈Λ be a family of subobjects of M such that any finite subfamily of L has an upper bound in L. Then we have
We say that a Grothendieck category is nonzero if it has a nonzero object. In [Mit64, Theorem 2.9], it is shown that any object M in a Grothendieck category A has its injective envelope E(M ) in A.
For a Grothendieck category A, denote by Noeth A the full subcategory of A consisting of objects which are the sum of their noetherian subobjects.
Proposition 2.3. For any Grothendieck category A, the full subcategory Noeth A of A is closed under subobjects, quotient objects, and arbitrary direct sums. In particular, Noeth A is a locally noetherian Grothendieck category.
Proof. It is immediate that Noeth A is closed under quotient objects and direct sums. Let M be an object in A belonging to Noeth A, L be a subobject of M , and {M λ } λ∈Λ be the family of all the noetherian subobjects of M . Then by the definition of the Grothendieck categories, we have
Since M λ ∩ L is a noetherian subobject of L for any λ ∈ Λ, we deduce that L belongs to Noeth A.
Monoform objects are used in order to define the atom spectrum of A.
Definition 2.4. Let A be an abelian category.
(1) An object H in A is called monoform if for any nonzero subobject L of H, there exists no common nonzero subobject of H and H/L, that is, there does not exist a nonzero subobject of H which is isomorphic to a subobject of H/L. (2) We say that monoform objects H 1 and H 2 in A are atom-equivalent if there exists a common nonzero subobject of H 1 and H 2 .
Recall that a nonzero object U in an abelian category A is called uniform if for any nonzero subobjects L 1 and L 2 of U , we have L 1 ∩ L 2 = 0. It is easy to see that any nonzero subobject of a uniform object in A is also uniform. A similar result holds for monoform objects.
Proposition 2.5. Let A be an abelian category.
(1) Any nonzero subobject of a monoform object in A is also monoform.
(2) Any monoform object in A is uniform.
(2) [Kan12a, Proposition 2.6].
As in [Kan12a, Proposition 2.8], the atom equivalence is an equivalence relation between monoform objects. Hence we can consider the quotient class by the atom equivalence.
Definition 2.6. Let A be an abelian category. Denote by ASpec A the quotient class of the class of monoform objects by the atom equivalence, and call it the atom spectrum of A. We call an element of ASpec A an atom in A. The equivalence class of a monoform object H in A is denoted by H.
The notion of atoms was introduced by Storrer [Sto72] in the case of the categories of modules over rings. Atoms in abelian categories play central roles throughout this paper.
Note that ASpec A is not necessarily a set in general. However, in the case where A is a Grothendieck category, we can show that it is a set.
Proposition 2.7.
(1) Let A be an abelian category with a generating set G. Then for any atom α in A, there exist an object G in A belonging to G and a subobject L of G such that G/L is a monoform object in A satisfying G/L = α.
(2) If A is a Grothendieck category, then ASpec A is a set.
Proof. (1) Let H be a monoform object in A such that H = α. There exist an object G in A belonging to G and a nonzero morphism f : G → H. Then G/ Ker f is isomorphic to the nonzero subobject Im f of H. By Proposition 2.5 (1), G/ Ker f is a monoform object in A which is atom-equivalent to H.
(2) This follows from (1) since the collection of quotient objects of an object in A is a set as in [Ste75, Proposition IV.6.6].
By using these facts, we obtain a description of the atom spectra of the categories of modules over rings and the categories of graded modules over graded rings.
Corollary 2.8.
(1) Let R be a ring and α be an atom in Mod R. Then there exists a right ideal J of R such that R/J is a monoform object in Mod R satisfying R/J = α. In particular, ASpec(Mod R) is a set.
(2) Let T be a graded ring and α be an atom in GrMod T . Then there exist a homogeneous right ideal J of T and i ∈ Z such that (T /J)(i) is a monoform object in GrMod T satisfying (T /J)(i) = α. In particular, ASpec(GrMod T ) is a set.
Proof. These follow from Proposition 2.7 since Mod R is a Grothendieck category with a generator R, and GrMod T is a Grothendieck category with a generating set
The following result shows that the atom spectrum of an abelian category is a generalization of the prime spectrum of a commutative ring.
Proposition 2.9 ([Sto72, p. 631]). Let R be a commutative ring. Then the map p → R/p is a bijection between Spec R and ASpec(Mod R).
We can consider the following collections of atoms associated to an object in an abelian categories.
Definition 2.10. Let A be an abelian category and M be an object in A.
(1) Define a subclass ASupp M of ASpec A by
and call it the atom support of M . (2) Define a subclass AAss M of ASpec A by
and call an element of it an associated atom of M .
We show that these notions are generalizations of supports and associated primes in commutative ring theory in Proposition 2.13. These notions satisfy the following fundamental properties.
Proposition 2.11. Let A be an abelian category and 0 → L → M → N → 0 be an exact sequence in A.
(2) [Kan12a, Proposition 3.5].
Proposition 2.12. Let A be a Grothendieck category and {M λ } λ∈Λ be a family of objects in A.
(
Proof.
(1) It is straightforward to see that
For any α ∈ ASupp λ∈Λ M λ , there exists a monoform subobject H of a quotient object N of λ∈Λ M λ such that H = α. Denote by N λ the image of M λ by the canonical epimorphism λ∈Λ M λ ։ N . Let S be the set of finite subsets of Λ. By the definition of Grothendieck categories, we have
Hence there exists Λ ′ ∈ S such that ( λ∈Λ ′ N λ )∩H = 0. By Proposition 2.5 (1), ( λ∈Λ ′ N λ )∩ H is a monoform subobject of N which is atom-equivalent to H. Since we have the diagram
by Proposition 2.11 (1). Hence the statement follows.
(2) This can be shown similarly by using Proposition 2.11 (2).
For a commutative ring R, we identify ASpec(Mod R) with Spec R by the correspondence in Proposition 2.9. In this case, we show that atom supports and associated atoms coincide with supports and associated primes.
Proposition 2.13. Let R be a commutative ring and M be an R-module.
Proof. Let p be a prime ideal of R. Since any nonzero submodule of R/p contains a submodule isomorphic to R/p, we have R/p ∈ AAss M if and only if there exists a monomorphism R/p ֒→ M . Hence AAss M = Ass M .
Conversely, assume that p ∈ Supp M . Since we have M = x∈M xR, there exists y ∈ M such that p ∈ Supp yR. Let a = Ann R (y). Then it holds that yR ∼ = R/a. Since we have
it follows that a ⊂ p. We have the diagram
By using atom supports, we show a property of monoform objects.
Proposition 2.14. Let A be an abelian category and H be a monoform object in A. Then for any nonzero subobject L of H, we have H / ∈ ASupp(H/L).
Proof. If we have
H ∈ ASupp(H/L), then there exists a subobject L ′ of H with L ⊂ L ′ such that
there exists a common nonzero subobject of H and H/L
′ . This is a contradiction.
In commutative ring theory, it is well known that the number of associated primes of a finitely generated module over a commutative noetherian ring is finite. We can show this type of property for associated atoms.
Proposition 2.15. Let A be an abelian category.
(1) ([Sto72, Lemma 3.4]) Let U be a uniform object in A. Then AAss U has at most one element. In particular, for any monoform object H in A, we have AAss H = {H}. (2) Let M be a nonzero noetherian object in A. Then AAss M is a nonempty finite set.
(1) The former part holds since any monoform subobjects H 1 and H 2 of U have the common nonzero subobject H 1 ∩ H 2 . The latter part follows from Proposition 2.5 (2).
(2) [Kan12a, Remark 3.6].
For an abelian category A, a subobject
The following fact is also a generalization of that in commutative ring theory.
Proposition 2.16. Let A be an abelian category, M be an object in A, and L be an essential subobject of M . Then we have AAss L = AAss M .
Proof. AAss L ⊂ AAss M is obvious. AAss L ⊃ AAss M follows straightforwardly from Proposition 2.5 (1).
Topological properties of atom spectra
In this section, we show several topological properties of the atom spectrum of an abelian category. These are used in section 4 in order to consider a partial order on the atom spectrum.
We recall the definition of the topology on the atom spectrum.
Definition 3.1. Let A be an abelian category. We say that a subclass Φ of ASpec A is open if for any α ∈ Φ, there exists a monoform object H in A satisfying H = α and ASupp H ⊂ Φ.
As in [Kan12a, Proposition 3.8], the family of all the open subclasses of ASpec A satisfies the axioms of topology. This topology is described as follows. Note that the atom spectrum of a locally noetherian Grothendieck category is homeomorphic to the Ziegler spectrum described in [Her97] (or in [Kra97] as the spectrum) as in [Kan12a, Theorem 5.9] .
For a commutative ring R, we can describe the topology on ASpec(Mod R) defined above in terms of prime ideals of R. Recall that a subset Φ of Spec R is called closed under specialization if for any prime ideals p and q of R with p ⊂ q, the condition p ∈ Φ implies q ∈ Φ. Recall that a topological space X is called a Kolmogorov space (or a T 0 -space) if for any distinct points x 1 and x 2 in X, there exists an open subset of X containing exactly one of them.
Proposition 3.5. Let A be an abelian category. Then ASpec A is a Kolmogorov space.
Proof. Assume that there exist distinct atoms α 1 and α 2 such that no open subclass of ASpec A contains exactly one of them. Let H be a monoform object such that H = α 1 . Then ASupp H is an open subclass of ASpec A containing α 1 . By the assumption, we have α 2 ∈ ASupp H, and hence there exists a subobject L of H such that α 2 ∈ AAss(H/L). Since AAss H = {α 1 } by Proposition 2.15 (1), we have L = 0. Similarly, 
Since M is noetherian, inductively we obtain objects M 0 , . . . , M n in A, monoform objects H 1 , . . . , H n in A, and λ 1 , . . . , λ n ∈ Λ with ASupp H i ⊂ Φ λi and an exact sequence
for each i = 1, . . . , n, where M 0 = M and M n = 0. Then we have
This shows that Φ is compact.
The discreteness of the atom spectrum is characterized as follows.
Proposition 3.7. Let A be a locally noetherian Grothendieck category.
(1) For any atom α in A, the subset {α} of ASpec A is open if and only if there exists a simple object S in A such that S = α. (2) Assume that ASupp M is discrete. Then by (1), any element of ASupp M is represented by a simple object in A. By Proposition 2.15 (2), any quotient object of M has a simple subobject. Therefore M has finite length.
Conversely, assume that M has finite length. Then by Proposition 2.11 (1), any element of ASupp M is represented by a simple object in A, and hence ASupp M is discrete.
(3) Assume that ASpec A is discrete. Then by (2), any noetherian object in A has finite length.
Conversely, assume that any noetherian object in A has finite length. For any atom α in A, there exists a noetherian monoform object H in A such that H = α. Since H has finite length by the assumption, there exists a simple subobject S of H, and hence α = S. By (1), the topological space ASpec A is discrete.
Partial orders on atom spectra
In this section, we define a partial order on the atom spectrum of an abelian category. It is a generalization of the inclusion relation between prime ideals of a commutative ring. We show the existence of a maximal atom and that of a minimal atom under some conditions of noetherianness.
For a Kolmogorov space X, the partial order called specialization order on X is defined as follows: for any x, y ∈ X, we have x y if and only if x belongs to the topological closure {y} of {y} in X. On the other hand, each partially ordered set P can be regarded as a topological space as follows: a subset Φ of P is open if and only if for any p, q ∈ P with p q, the condition p ∈ Φ implies q ∈ Φ. The following results are well known.
Proposition 4.1.
(1) The map sending a Kolmogorov Alexandroff space X to the partially ordered set (X, ), where is the specialization order on X, is a bijection between Kolmogorov Alexandroff spaces and partially ordered sets. The inverse map sends a partially ordered set P to the topological space P defined above.
(2) The maps in (1) induce a bijection between finite Kolmogorov spaces and finite partially ordered sets.
(1) This can be shown straightforwardly.
(2) This is obvious since any finite topological space is Alexandroff.
For an abelian category A, the topological space ASpec A is Kolmogorov by Proposition 3.5. We regard ASpec A as a partially ordered set together with the specialization order ≤ on ASpec A. This partial order is described explicitly as follows.
Proposition 4.2. Let A be an abelian category and α and β be atoms in A. Then the following assertions are equivalent.
(2) Any open subclass Φ of ASpec A containing α also contains β. In other words, the atom β belongs to the intersection of all the open subclasses containing α.
Proof. This follows from the definition of the topology on ASpec A and Proposition 3.2.
The following result shows that the partial order defined above is a generalization of the inclusion relation between prime ideals of a commutative ring.
Proposition 4.3. Let R be a commutative ring and p and q be prime ideals of R. Then R/p ≤ R/q if and only if p ⊂ q.
Proof. This follows from Proposition 3.3 and Proposition 4.2.
Let A be an abelian category. We say that an atom is maximal (resp. minimal ) in a subclass Φ of ASpec A if it is maximal (resp. minimal) in Φ with respect to the partial order ≤. Such an atom is characterized in terms of the topology by the following proposition.
Proposition 4.4. Let X be a Kolmogorov space with the specialization order . Let x be an element of X and Φ be a subclass of X containing x.
(1) x is maximal in Φ if and only if {x} is the intersection of some family of open subclasses of Φ. (2) x is minimal in Φ if and only if {x} is a closed subclass of Φ.
Proof. This can be shown straightforwardly.
Remark 4.5. For a commutative ring R, it is clear that a prime ideal p of R is maximal if and only if R/p is a simple R-module.
Let S be a simple object in an abelian category A. Since {S} is an open subclass of ASpec A, the atom S is maximal by Proposition 4.4 (1). However, a maximal atom is not necessarily represented by a simple object in general. In Example 3.4, H is maximal in ASpec A but is not represented by a simple object in GrMod k[x].
In the case of a locally noetherian Grothendieck category, the existence of a maximal atom follows from the next proposition. We say that a partially ordered set P satisfies the ascending chain condition if any ascending chain p 0 ≤ p 1 ≤ · · · in P eventually stabilizes. This is equivalent to that any subset of P has a maximal element. The descending chain condition is defined similarly.
Proposition 4.6. Let A be a locally noetherian Grothendieck category. Then ASpec A satisfies the ascending chain condition.
Proof. Let α 0 ≤ α 1 ≤ · · · be an ascending chain of atoms in A and H be a noetherian monoform object such that H = α 0 . Since ASupp H is an open subset of ASpec A, we have α 1 ∈ ASupp H by Proposition 4.2. Then there exists a subobject
Proposition 2.15 (2), the set {α n , α n+1 , . . .} is finite. Since ≤ is a partial order on ASpec A, this implies that the chain α 0 ≤ α 1 ≤ · · · eventually stabilizes.
We show the existence of minimal elements of certain subsets of the atom spectrum of a locally noetherian Grothendieck category.
Proposition 4.7. Let A be a locally noetherian Grothendieck category, M be a noetherian object in A, and α be an atom in A belonging to ASupp M . Then there exists a minimal element β of ASupp M such that β ≤ α.
Proof. By Proposition 3.6, the subset ASupp M of ASpec A is compact. Hence we can show that there exists a minimal closed subset Ψ of ASupp M contained by {α} ∩ ASupp M by using Zorn's lemma. Since ASupp M is a Kolmogorov space by Proposition 3.5, the set Ψ consists of an atom β in A such that {β} is a closed subset of ASupp M . By Proposition 4.4 (2), the atom β is minimal in ASupp M . By the definition of the specialization order, we have β ≤ α.
If a locally noetherian Grothendieck category A has a noetherian object M such that ASpec A = ASupp M , the existence of a minimal atom in A follows from Proposition 4.7. In Proposition 8.2, we show that there exists a nonzero locally noetherian Grothendieck category having no minimal atom. Furthermore, it is shown in Proposition 8.3 that the descending chain condition on ASpec A does not necessarily hold even in the case where ASpec A = ASupp M .
Atom spectra of quotient categories
In this section, we describe the atom spectrum of the quotient category of a Grothendieck category by a localizing subcategory. We show an analogous result on the atom spectrum to the results [Her97, Proposition 3.6] and [Kra97, Corollary 4.4] on the Ziegler spectrum. Results in this section is used in section 6 in order to investigate the localization of Grothendieck category at an atom.
We recall the definition of Serre subcategories and the quotient categories by them.
Definition 5.1. Let A be an abelian category. A full subcategory X of A is called a Serre subcategory of A if the following assertion holds: for any exact sequence
in A, the object M belongs to X if and only if L and N belong to X .
Definition 5.2. Let A be an abelian category and X be a Serre subcategory of A. Then the quotient category A/X of A by X is defined as follows.
(1) The objects of A/X are those of A.
(2) For objects M and N in A,
where S M,N is the directed set defined by
and the relation:
where
and f ′′ and g ′ are the induced morphisms from f and g, respectively.
With the notation in Definition 5.2, we can define a canonical additive functor by the correspondence M → M for each object M in A and the canonical map Hom A (M, N ) → Hom A/X (M, N ) for each objects M and N in A.
Definition 5.3. Let A be an abelian category. A Serre subcategory X of A is called a localizing subcategory of A if the canonical functor A → A/X has a right adjoint functor.
It is known that localizing subcategories of a Grothendieck category are characterized as follows.
Proposition 5.4. Let A be a Grothendieck category and X be a Serre subcategory of A. Then the following assertions are equivalent.
(1) X is a localizing subcategory of A.
(2) For any object M in A, the set of subobjects of M belonging to X has a maximal element. By Proposition 5.4, the localizing subcategories of a Grothendieck category A is the full subcategories closed under subobjects, quotient objects, extensions, and arbitrary direct sums. Hence for any full subcategory X of a Grothendieck category A, there exists the smallest localizing subcategory Y of A containing X . In the case where X is closed under subobjects and quotient objects, such Y is described as follows.
Proposition 5.5. Let A be a Grothendieck category, X be a full subcategory of A closed under subobjects and quotient objects, and Y be the smallest localizing subcategory of A containing X . Then an object M in A belongs to Y if and only if any nonzero quotient object of M has a nonzero subobject belonging to X .
Proof. This is shown in a similar way to the proof of [Pop73, Proposition 4.6.10].
We also use the following wider class of subcategories.
Definition 5.6. Let A be a Grothendieck category. A full subcategory X of A is called a prelocalizing subcategory if it is closed under subobjects, quotient objects, and arbitrary direct sums.
Note that any prelocalizing subcategory of a Grothendieck category is also a Grothendieck category. The smallest prelocalizing subcategory containing a given full subcategory is described as follows.
Proposition 5.7. Let A be a Grothendieck category, X be a full subcategory of A, and Y be the smallest prelocalizing subcategory of A containing X . Then an object X in A belongs to Y if and only if X is a subquotient of the direct sum of some family of objects belonging to X .
Proof. It is enough to show that the full subcategory consisting of all the subquotients of direct sums of objects in X is closed under arbitrary direct sums. Let {M λ } λ∈Λ be a family of objects
since direct sum is exact. Hence the claim follows.
The localizing subcategories of a locally coherent Grothendieck category were classified in [Her97] and [Kra97] . In [Kan12a] , we stated this result for locally noetherian Grothendieck categories in terms of the atom spectrum by using the following maps.
Definition 5.8. Let A be an abelian category.
(1) For a full subcategory X of A, define a subclass ASupp X of ASpec A by
(2) For a subclass Φ of ASpec A, define a full subcategory ASupp −1 Φ by
We can show the following lemma for arbitrary abelian categories. Note that Theorem 5.10 does not necessarily hold for a general Grothendieck category. Indeed, a nonzero Grothendieck category with no atom, which we construct in Theorem 8.5, is a counter-example.
The atom support of a localizing subcategory is also used in order to describe the atom spectra of quotient categories. We recall several fundamental properties of the quotient categories of Grothendieck categories by localizing subcategories.
Theorem 5.11. Let A be a Grothendieck category, X be a localizing subcategory of A, F : A → A/X the canonical functor, and G : A/X → A be its right adjoint functor.
(1) X and A/X are Grothendieck categories. If A is a locally noetherian Grothendieck category, so are X and A/X . (2) The functor F is dense and exact. The functor G is fully faithful. The composite F G : A/X → A/X is isomorphic to the identity functor on A/X . (3) Let M be an object in A. Then the object GF (M ) is described as follows. The following result gives a description of the atom spectra of (pre)localizing subcategories.
Proposition 5.12. Let A be an abelian category and X be a full subcategory of A closed under subobjects, quotient objects, and finite direct sums. Then ASpec X is homeomorphic to the open subclass ASupp X of ASpec A with the induced topology.
Proof. Note that X is an abelian category. Since X is closed under subobjects and quotient objects, the canonical functor X → A sends any monoform object in X to a monoform object in A, and this correspondence induces an injective map ASpec X → ASpec A. It is obvious that the image of this map is ASupp X and that this map sends any open subclass of ASpec X to an open subclass of ASupp X . Let Φ be an open subclass of ASupp X . For any α ∈ Φ, there exists a monoform object in A satisfying H = α and ASupp H ⊂ Φ. Since α ∈ ASupp X , and X is closed under subobjects and quotient objects, there exists a monoform object H ′ in X such that H ′ = α. We have a common nonzero subobject H ′′ of H and H ′ . Then by Proposition 2.5 (1), H ′′ is a monoform object in X satisfying H ′′ = α and ASupp H ′′ ⊂ Φ. This shows that the map ASpec X → ASupp X is a homeomorphism.
We describe the atom spectra of quotient categories in Theorem 5.17. We start with the following lemma for the proof of it.
Lemma 5.13. Let A be a Grothendieck category, X be a localizing subcategory of A, F : A → A/X the canonical functor, and G : A/X → A be its right adjoint functor. For any object M ′ in A/X and any subobject L ′ of M ′ , we have an exact sequence
in A such that N is an object in A belonging to X , and
Proof. Since G is a left exact functor, we have the exact sequence
L ′ , and hence we have an exact sequence
where N is an object in A. By Theorem 5.11 (2), we have
This implies F (N ) = 0. By Theorem 5.11 (4), the object N belongs to X .
which belongs to X . This contradicts Theorem 5.11 (3). Hence we have L = 0. This shows that the intersection of the subobjects
We show some results on monoform objects in quotient categories.
Lemma 5.14. Let A be a Grothendieck category, X be a localizing subcategory of A, F : A → A/X the canonical functor, and G : A/X → A be its right adjoint functor.
(1) For any monoform object H ′ in A/X , the object G(H ′ ) in A is monoform. (2) Let H be a monoform object in A such that any nonzero subobject of H does not belong to X . Then GF (H) is a monoform object in A which has a subobject isomorphic to H, and F (H) is a monoform object in A/X .
(1) Assume that G(H ′ ) is not monoform. Then there exist a nonzero subobject L of G(H ′ ) and a common nonzero subobject N of G(H ′ ) and G(H ′ )/L. By Theorem 5.11 (2), F is an exact functor, and F G is isomorphic to the identity functor on A/X . Hence F (L) is a subobject of H ′ , and F (N ) is a common subobject of H ′ and H ′ /F (L). By Theorem 5.11 (3), neither L nor N belongs to X , and hence F (L) and F (N ) are nonzero by Theorem 5.11 (4). This contradicts the monoformness of H ′ . (2) By Theorem 5.11 (3), the object H can be regarded as an essential subobject of GF (H), and GF (H)/H belongs to X . Assume that GF (H) is not monoform. Then there exist nonzero subobjects L and M of GF (H) such that M is isomorphic to a subobject of GF (H)/L. We have L ∩ H = 0 and M ∩ H = 0. By Proposition 2.5 (1), M ∩ H is a monoform object in A which is atom-equivalent to H. Hence we have H ∈ ASupp(GF (H)/L). Since we have an
H + L by Proposition 2.11 (1). By Proposition 2.14, we have
Since GF (H)/(H + L) is a quotient object of GF (H)/H, it belongs to X . Hence we also have
This is a contradiction. Therefore GF (H) is monoform. Assume that F (H) is not a monoform object in A/X . Then there exist a nonzero subobject
Since G is a fully faithful left exact functor, we have the diagram
where G(L ′ ) and G(N ′ ) are nonzero. Since G(N ′ ) is a monoform object in A which is atomequivalent to GF (H), we have
by Proposition 2.16. This contradicts the monoformness of GF (H) by Proposition 2.14. Therefore F (H) is a monoform object in A/X .
We describe the atom spectra of the quotient categories as sets.
Lemma 5.15. Let A be a Grothendieck category and X be a localizing subcategory of A. Then there exists a bijection between ASpec(A/X ) and ASpec A \ ASupp X .
Proof. Let F : A → A/X be the canonical functor and G : A/X → A be its right adjoint functor. For each monoform object H in A satisfying H ∈ ASpec A\ASupp X , any nonzero subobject of H does not belong to X . Hence by Lemma 5.14 (2), F (H) is a monoform object in A/X , and we obtain the atom F (H) in A/X . For each monoform object H ′ in A/X , by Lemma 5.14 (1), G(H ′ ) is a monoform object in A. By Theorem 5.11 (3), any nonzero subobject of G(H ′ ) does not belong to X . Hence we obtain the atom G(H ′ ) in A belonging to ASpec A \ ASupp X .
The above two operations induce maps
and
Since F G is isomorphic to the identity functor on A/X by Theorem 5.11 (2), the composite F G is the identity map on ASpec(A/X ). Since the above monoform object H in A is a nonzero subobject of GF (H), we have G F (H) = GF (H) = H.
In order to show that the bijection in Lemma 5.15 is a homeomorphism, we show the next results on atom supports and associated atoms in quotient categories. For a Grothendieck category A and a localizing subcategory X of A, we identify ASpec(A/X ) with ASpec A \ ASupp X by the correspondence in Lemma 5.15.
Lemma 5.16. Let A be a Grothendieck category, X be a localizing subcategory of A, F : A → A/X the canonical functor, and G : A/X → A be its right adjoint functor.
(1) For any object M ′ in A/X , we have
(2) For any object M in A, we have
(1) By Theorem 5.11 (2) and Lemma 5.14, we have
By Lemma 5.13 and Proposition 2.16, we have
This shows that
(2) Let L be the largest subobject of M belonging to X and N = M/L. Take the largest subobject M /N of E(N )/N belonging to X . By Theorem 5.11 (3), GF (M ) is isomorphic to M . We have the exact sequences
By Proposition 2.11 (1), we have
By (1), we obtain
Theorem 5.17. Let A be a Grothendieck category and X be a localizing subcategory of A. Then ASpec(A/X ) is homeomorphic to the closed subset ASpec A \ ASupp X of ASpec A with the induced topology.
Proof. This follows from Lemma 5.15 and Lemma 5.16.
It is known that any Grothendieck category A can be obtained as the quotient category of the category of modules over some ring R by some localizing subcategory. Since we have a fully faithful functor A → Mod R, this result is called the Gabriel-Popescu embedding.
Theorem 5.18 (Gabriel and Popescu [PG64, Proposition] ). Let A be a Grothendieck category, G be a generator of A, and R = End A (G). Then there exists a localizing subcategory X of Mod R such that A is equivalent to (Mod R)/X . Therefore we deduce the following result on the atom spectra of Grothendieck categories.
Corollary 5.19. For any Grothendieck category A, there exists a ring R such that ASpec A is homeomorphic to some closed subset of ASpec(Mod R).
Proof. This follows from Theorem 5.18 and Theorem 5.17.
In section 7 and section 8, we construct several Grothendieck categories which have significant structures. Then by using Theorem 5.18 and Corollary 5.19, we obtain some rings with some structures from the viewpoint of atoms.
Localization
In this section, we investigate the localization of a Grothendieck category A at an atom α in A. It is defined as the quotient category of A by a certain localizing subcategory. This contains a reformulation of localization by a prime localizing subcategory written in [Pop73, section 4.20]. We show that the partial order on the atom spectrum defined in section 4 coincides with a partial order naturally defined between prime localizing subcategories. We show directly that the localization at an atom is a generalization of the localization of a commutative ring R at a prime ideal of p.
Definition 6.1. Let A be a Grothendieck category and α be an atom in A.
(1) Define an open subset Φ α of ASpec A by Φ α = ASpec A \ {α}. Define a localizing subcategory X α of A by X α = ASupp −1 Φ α . (2) Denote by A α the quotient category of A by X α . The canonical functor A → A α is denoted by (−) α . We call the operation of obtaining A α from A the localization at α.
Note that X α defined in Definition 6.1 (1) is a localizing subcategory of A by Proposition 2.11 (1) and Proposition 2.12 (1).
By using localization, we obtain a description of atom supports, which is known as the standard definition of supports in commutative ring theory. In fact, the localized category A α in Definition 6.1 (2) is "local" in the sense of next definition. This is shown in Proposition 6.6 (1).
Definition 6.3.
Local Grothendieck categories have the following characterization in terms of atoms.
Proposition 6.4. Let A be a Grothendieck category.
(1) A is local if and only if there exists an atom α in A such that for any nonzero object M in A, we have α ∈ ASupp M . (2) If A is local, then any two simple objects in A are isomorphic. In the case where A is a nonzero locally noetherian Grothendieck category, the converse also holds.
(1) Assume that A is local. Then there exists a simple object S in A such that E(S) is a cogenerator of A. For any object M in A, there exists a nonzero morphism f : M → E(S).
Since Im f is a nonzero subobject of E(S), we have M ։ Im f ←֓ S. This shows that S ∈ ASupp M . Conversely, assume that there exists an atom α in A such that α ∈ ASupp M for any nonzero object M in A. Let H be a monoform object in A such that H = α. If H is not simple, then there exists a nonzero proper subobject L of H, and hence we have α ∈ ASupp(H/L). This contradicts Proposition 2.14. Therefore H is a simple object in A. Denote it by S.
Let N and N ′ be objects in A and g : N → N ′ be a nonzero morphism. Since Im g is nonzero, there exists a subobject B of Im g which has a quotient object isomorphic to S. By the injectivity of E(S), we obtain a nonzero morphism Im g → E(S) such that the diagram
We also obtain a morphism h :
commutes. Then we have hg = 0. This shows that E(S) is a cogenerator of A. Assume that A is a nonzero locally noetherian Grothendieck category such that any two simple objects in A are isomorphic. Any nonzero object M in A has a nonzero noetherian subobject L, and L has a simple quotient object. Hence there exists a simple object S in A, and we have S ∈ ASupp M for any nonzero object M in A. By (1), it is shown that A is local.
The localness of a Grothendieck category can be stated in terms of the topology on the atom spectrum. Recall that a point x in a topological space X is called a generic point if the closure of {x} coincides with X.
Corollary 6.5. Let A be a Grothendieck category. Then the following assertions are equivalent.
(1) A is local.
(2) ASpec A has a generic point.
(3) ASpec A has the largest element.
Proof. This follows from Proposition 6.4 (1), Proposition 3.2, and the definition of the specialization order.
For a Grothendieck category A, the atom spectra of localized categories of A are described by using the partial order on the atom spectrum of A.
Proposition 6.6. Let A be a Grothendieck category.
(1) For any atom α in A, the topological space ASpec A α is homeomorphic to the closed subset
of ASpec A with the induced topology. In particular, the category A α is local. (2) A is local if and only if there exists an atom α in A such that the canonical functor A → A α is an equivalence.
(1) We obtain the description of ASpec A α by Theorem 5.17 and the definition of the specialization order. The localness of A α follows from Corollary 6.5.
(2) If A is equivalent to A α for some atom α in A, then A is local by (1). Assume that A is local. Then by Corollary 6.5, there exists an atom α in A such that {α} = ASpec A. This shows that Φ α = ∅ and that X α consists of zero objects in A. Hence the canonical functor A → A α is an equivalence.
The minimality of atoms in locally noetherian Grothendieck categories is characterized as follows by using localization.
Proposition 6.7. Let A be a locally noetherian Grothendieck category and α be an atom in A.
(1) Let M be a noetherian object in A with α ∈ ASupp M . Then α is minimal in ASupp M if and only if M α has finite length. (2) α is minimal in ASpec A if and only if any noetherian object in A α has finite length.
Proof. (1) By Theorem 5.11 (2), it is straightforward to show that M α is a noetherian object in A α . Hence by Proposition 3.7 (2), M α has finite length if and only if ASupp M α is discrete. By Lemma 5.16 (2) and Proposition 6.6 (1), we have
Therefore by the definition of the specialization order, ASupp M α is discrete if and only if α is minimal in ASupp M .
(2) By Proposition 3.7 (3), any noetherian object in A α has finite length if and only if ASpec A α is discrete. By Proposition 6.6 (1), it is equivalent to that α is minimal in ASpec A.
For any Grothendieck category A and any atom α in A, Proposition 6.6 (1) shows that X α is a prime localizing subcategory of A. In fact, this correspondence gives a bijection between atoms in A and prime localizing subcategories of A. The partial order on ASpec A is induced by the opposite relation of the inclusion relation between prime localizing subcategories.
Theorem 6.8. Let A be a Grothendieck category. Then the map α → X α is a bijection between atoms in A and prime localizing subcategories of A. For any atoms α and β in A, we have α ≤ β if and only if X α ⊃ X β .
Proof. Let X be a prime localizing subcategory of A and F : A → A/X be the canonical functor. Let α be the atom in A corresponding to the unique simple object S in A/X . Then we have α / ∈ ASupp X . We show that X = X α . Since ASupp X is an open subset of ASpec A, we have ASupp X ⊂ Φ α . Hence we have
For any object M in A belonging to X α , we have α / ∈ ASupp M . By Lemma 5.16 (2),
and hence S / ∈ ASupp F (M ). By the proof of Proposition 6.4 (1), it holds that F (M ) = 0, and hence M belongs to X . Therefore we have X = X α . This shows that the map α → X α is surjective.
Let α and β be atoms in A. Assume that α ≤ β. For any object M in A belonging to X β , we have β / ∈ ASupp M . By Proposition 4.2, we have α / ∈ ASupp M , and hence M ∈ X α . This shows that X α ⊃ X β .
Conversely, assume that α ≤ β. Then there exists a monoform object H in A satisfying H = α and β /
∈ ASupp H. This shows that H does not belong to X α and that H belongs to X β . Hence we have X α ⊃ X β . This also shows the map α → X α is injective.
The next proposition shows that the localization at an atom is a generalization of the localization of a commutative ring at a prime ideal. Although this is well known, we give a direct proof from the viewpoint of atoms.
Proposition 6.9. Let R be a commutative ring, p be a prime ideal of R, and α be the corresponding atom R/p in Mod R. Then (Mod R) α is equivalent to Mod R p .
Proof. Let F : Mod R → (Mod R) α be the canonical functor and G : (Mod R) α → Mod R be its right adjoint functor. By Theorem 5.11 (2), G is fully faithful. Since Mod R p can also be regarded as a full subcategory of Mod R, it suffices to show that an R-module M belongs to Mod R p if and only if M is isomorphic to the image of some object in (Mod R) α by G. M belongs to Mod R p if and only if any element of R \ p acts on M as an isomorphism. Since F G is isomorphic to the identity functor on (Mod R) α , the R-module M is isomorphic to G(M ′ ) for some object M ′ in (Mod R) α if and only if M is isomorphic to GF (M ), and this is also equivalent to that M and E(M )/M have no nonzero submodule belonging to X α by Theorem 5.11 (3). By Proposition 2.13 (1), we have
Hence an R-module N has a nonzero submodule belonging to X α if and only if there exist a nonzero element z of N and an element s of R \ p such that zs = 0. Assume that M belongs to Mod R p . Then M has no nonzero submodule belonging to X α . If E(M )/M has a nonzero submodule belonging to X α , then there exist x ∈ E(M ) \ M and t ∈ R \ p such that xt ∈ M . Since t acts on M as an isomorphism, there exists y ∈ M such that yt = xt. We have (x − y)t = 0 and x − y / ∈ M . Since M is an essential submodule of E(M ), there exists a ∈ R such that 0 = (x − y)a ∈ M . However, (x − y)at = 0 implies (x − y)a = 0. This is a contradiction. Therefore E(M )/M has no nonzero submodule belonging to X α .
Conversely, assume that M and E(M )/M have no nonzero submodule belonging to X α . Let r ∈ R \ p and f : M → M and f : E(M ) → E(M ) be the maps defined by the multiplication of r. Then f is a monomorphism. Since we have Ker f ∩ M = Ker f = 0, the map f is also a monomorphism. By the injectivity of E(M ), there exists a morphism g : E(M ) → E(M ) such that g f is the identity morphism on E(M ). Since we have f g = g f , the map f is an isomorphism. For any w ∈ M , we have w = g f (w) = g(w)r. Since E(M )/M has no nonzero submodule belonging to X α , we have g(w) ∈ M . This shows that f is an isomorphism. Therefore M belongs to Mod R p .
Construction of Grothendieck categories
In this section, we introduce systematic methods to construct Grothendieck categories from colored quivers. As an application, we show that any partially ordered set appears as the atom spectrum of some Grothendieck category.
7.1. Known results in commutative ring theory. In this subsection, we recall motivating facts in commutative ring theory. We don't use these facts in later discussion.
A nonempty topological space X is called irreducible if for any closed subsets Y 1 and Y 2 of X, we have
Definition 7.1. A topological space X is called a spectral space if it satisfies the following conditions.
(1) X is a Kolmogorov compact space. Hochster [Hoc69] showed that the notion of spectral spaces characterizes the topological spaces appearing as the prime spectra of commutative rings. For a commutative ring R, we regard Spec R as a topological space with the Zariski topology.
Theorem 7.2 (Hochster [Hoc69, Theorem 6 and Proposition 10])
. Let X be a topological space. Then X is homeomorphic to Spec R for some commutative ring R if and only if X is a spectral space. This is also equivalent to that X is an inverse limit of finite Kolmogorov spaces in the category of topological spaces.
Speed [Spe72] pointed out that a similar characterization for partially ordered sets follows from Theorem 7.2. Note that there exists a bijection between finite Kolmogorov spaces and finite partially ordered sets (Proposition 4.1 (2)). For a commutative ring R, we regard Spec R also as a partially ordered set with the inclusion relation. . Let P be a partially ordered set. Then P is isomorphic to the partially ordered set Spec R for some commutative ring R if and only if P is an inverse limit of finite partially ordered sets in the category of partially ordered sets.
If we assume that the commutative ring R is noetherian, then the topological spaces and the partially ordered sets appearing as the prime spectra of R are strongly restricted. In the case of finite partially ordered sets, the following result is known.
Theorem 7.4 (de Souza Doering and Lequain [dSDL80, Theorem B])
. Let P be a finite partially ordered set. Then P is isomorphic to the partially ordered set Spec R for some commutative noetherian ring R if and only if there does not exist a chain of the form x < y < z in P .
Proof. It is well known that for any commutative noetherian ring R whose prime spectrum is a finite set, there does not exist a chain of the form x < y < z in Spec R, that is, the Krull dimension of R is at most one ([Kap74, Theorem 144]). The converse follows from [dSDL80, Theorem B].
7.2. Our results. From the viewpoint of study of Grothendieck categories, it is natural to ask which partially ordered sets appear as the atom spectra of Grothendieck categories. We answer this question by constructing Grothendieck categories from colored quivers and by considering the quotient categories by some localizing subcategories.
We fix a field K until the end of this paper.
Definition 7.5.
(1) We call a quintuple Q = (Q 0 , Q 1 , s, t, m) a K-valued quiver if Q 0 and Q 1 are sets, s and t are maps Q 1 → Q 0 , and m is a map Q 1 → K. Elements of Q 0 (resp. Q 1 ) are called vertices (resp. arrows) in Q. For an arrow r in Q, we call s(r) (resp. t(r), m(r)) the source (resp. target, value) of r.
(2) We call a triple Γ = (Q, C, u) a K-valued colored quiver if Q is a K-valued quiver, C is a set, and u is a map Q 1 → C. For an arrow r in Q, we call u(r) the color of r. (3) We say that a K-valued colored quiver Γ = (Q, C, u) satisfies the finite arrow condition if for any vertex v in Q and c ∈ C, there exist only finitely many arrows in Q with the source v, the color c, and the nonzero value.
We construct a Grothendieck category from a K-valued colored quiver satisfying the finite arrow condition as follows.
Definition 7.6. Let K be a field and Γ = (Q, C, u) be a K-valued colored quiver satisfying the finite arrow condition, where Q = (Q 0 , Q 1 , s, t, m). Denote the free K-algebra on C by Remark 7.8. The module M Γ in Definition 7.6 can be described by using path algebra if the sets Q 0 and Q 1 are finite. The reader may refer to [ASS06] for the terms of path algebras and representations of quivers. For the K-valued colored quiver Γ given in Definition 7.6 such that Q 0 and Q 1 are finite, we consider the path algebra KQ ′ of the quiver Q ′ = (Q 0 , Q 1 , s, t). Define a K-linear representation M of Q ′ by letting M v = K for each v ∈ Q 0 and the K-linear map M s(r) → M t(r) be the identity map on K for each r ∈ Q 1 . We regard M as a KQ ′ -module. Define a Kalgebra homomorphism S C → KQ ′ by s c → r r · m(r) for each c ∈ C, where r runs over all r ∈ Q 1 satisfying u(r) = c. Then M can be regarded as an S C -module through this K-algebra homomorphism. The S C -module M is isomorphic to M Γ .
In Definition 7.6, the full subcategory A Γ is a Grothendieck category. By Proposition 5.12, Proposition 2.11 (1), and Proposition 2.12 (1), it holds that ASpec A Γ is homeomorphic to the open subset ASupp M Γ of ASpec(Mod S C ).
If M Γ is the sum of its noetherian submodules, then A Γ is contained by the locally noetherian Grothendieck category Noeth A by Proposition 2.3. Hence A Γ is also a locally noetherian Grothendieck category.
Remark 7.9. Multiple arrows in a K-valued quiver are arrows with the common source and the common target. For the purpose of constructing Grothendieck categories as above, we only have to consider K-valued colored quivers which have no multiple arrows with the common color by the following argument.
For a K-valued colored quiver Γ = (Q, C, u) satisfying the finite arrow condition, we can define another K-valued colored quiver Γ ′ = (Q ′ , C ′ , u ′ ) satisfying the finite arrow condition as follows: let Q = (Q 0 , Q 1 , s, t, m) and where r runs over all the arrows in Q with the source v, the target w, and the color c. Then we have A Γ ′ = A Γ , and Γ ′ has no multiple arrows with the common color. We also note that A Γ does not change if we replace C with another set containing C.
The construction in Definition 7.6 yields various kinds of Grothendieck categories. For example, we can obtain the categories of modules over arbitrary algebras over fields.
Proposition 7.10. Let K be a field and R be a K-algebra. Then there exists a K-valued colored quiver Γ such that A Γ is equivalent to Mod R.
Proof. Let B ⊂ R be a K-basis of R. Define a K-valued colored quiver Γ = (Q, C, u), where Q = (Q 0 , Q 1 , s, t, m), as follows.
Then we have the surjective K-algebra homomorphism S C → R defined by c b → b for each b ∈ B. It induces a fully faithful functor F : Mod R → Mod S C . The image of Mod R by F is closed under subobjects, quotient objects, and direct sums up to isomorphism, and F (R) is a generator of it. By the construction of Γ, it holds that M Γ is isomorphic to F (R). Therefore Mod R is isomorphic to A Γ .
From now on, we only consider K-valued colored quivers Γ = (Q, C, u), where Q = (Q 0 , Q 1 , s, t, m), satisfying the following conditions.
(1) For any arrow r in Q, we have m(r) = 1 ∈ K.
(2) Γ has no multiple arrows with the common color. (3) Γ satisfies the finite arrow condition. We call such K-valued colored quivers simply colored quivers. The colored quiver Γ is also denoted by (Q 0 , Q 1 , C, s, t, u) or simply by (Q 0 , Q 1 , C).
Definition 7.11.
) be a colored quiver for i = 1, 2. We say that Γ 1 is isomorphic to Γ 2 if we have
and there exist bijections ϕ 0 : Q 1 , we have ϕ 0 (s 1 (r)) = s 2 (ϕ 1 (r)), ϕ 0 (t 1 (r)) = t 2 (ϕ 1 (r)), and u 1 (r) = u 2 (ϕ 1 (r)). (2) Let Γ = (Q 0 , Q 1 , C, s, t, u) be a colored quiver. A colored quiver
, and u ′ (r) = u(r) for each r ∈ Q ′ 1 . For a colored quiver Γ = (Q 0 , Q 1 , C), certain subsets of Q 0 induce submodules and quotient modules of M Γ as follows.
Remark 7.12. Let Γ = (Q 0 , Q 1 , C, s, t, u) be a colored quiver and V be a subset of Q 0 such that for any r ∈ Q 1 with s(r) ∈ V , we have t(r) ∈ V . Define colored full subquiver
Then the exact sequence
of K-vector spaces can be regarded as an exact sequence
in Mod S C , and this gives an identification of M Γ ′ (resp. M Γ ′′ ) with the submodule (resp. quotient module) of M Γ . By Proposition 2.11 (1), we have
Notations 7.13. We describe a colored quiver Γ = (Q 0 , Q 1 , C, s, t, u) by a diagram as follows: each v ∈ Q 0 is represented by the symbol v, and each r ∈ Q 1 is represented by an arrow from s(r) to t(r) labeled by u(r). For example, the diagram
Example 7.14. Let Γ be the colored quiver
Then we have
K as a K-vector space, and x vi s cj,j+1 = x vj+1 δ i,j for each i ∈ {1, 2, 3} and j ∈ {1, 2}, where δ i,j is the Kronecker delta. Hence M Γ is described as
By definition, M Γ is an S C -module belonging to the full subcategory A Γ of Mod S C . We also define colored quivers Γ 1,2 , Γ 2,3 , ∆ 1 , ∆ 2 , and ∆ 3 as follows.
Then the S C -modules M Γ1,2 , M Γ2,3 , M ∆1 , M ∆2 , and M ∆3 also belong to A Γ since they are subquotients of M Γ by Remark 7.12. For example, we have exact sequences
Since M ∆1 , M ∆2 , and M ∆3 are isomorphic simple S C -modules, we have
by Proposition 2.11 (1).
The next example shows the way to distinguish simple modules corresponding different vertices.
Example 7.15. Define colored quivers Γ, Γ 1,2 , Γ 2,3 , ∆ 1 , ∆ 2 , and ∆ 3 as follows.
, and M ∆3 are subquotients of M Γ . By a similar argument to that in Example 7.14, we have
where M ∆1 , M ∆2 , and M ∆3 are distinct atoms in A Γ . The topology on ASpec A Γ is discrete since we have ASupp M ∆i = {M ∆i } for each i = 1, 2, 3.
By using infinite colored quiver, we can construct a Grothendieck category whose atom spectrum is not discrete.
Example 7.16. Let Γ be the colored quiver
and ∆ be the colored quiver consisting of a vertex with no arrow. Then we have
Let L be a nonzero S C -submodule of M Γ and x be a nonzero element of L. Then we have x = i∈I x vi q i , where I is a nonempty finite subset of Z ≥0 and q i ∈ K \ {0} for each i ∈ I. Let j be the smallest element of I. For each i ∈ I \ {j}, we have
and hence x vi ∈ xS C . This implies
and xS C ⊂ x vj S C . Since we have
Therefore M Γ is a noetherian S C -module, and hence A Γ is a locally noetherian Grothendieck category. For any nonzero submodule L of M Γ , the length of L is infinite, and M Γ /L has finite length. This shows that M Γ is monoform. We regard M ∆ as an S C -module with M ∆ s ci,i+1 = 0
by a similar argument to that in Example 7.14. Let H be a monoform subquotient of M Γ which is not atom-equivalent to M Γ . Then H is a submodule of M Γ /L ≥j for some j ∈ Z ≥0 . Since we have
Since any nonzero submodule of M Γ has a quotient module isomorphic to M ∆ , we have M Γ < M ∆ by Proposition 4.2.
In the next definition, we introduce an operation to combine colored quivers. The new colored quiver is determined by a underlying colored quiver Ω and a family of colored quivers to be combined.
Definition 7.17. Let Ω = (Ω 0 , Ω 1 , Ξ, σ, τ, µ) be a colored quiver and (
, and u(r) = u ω (r).
v,v ′ . In the case where Ω has no arrow, the colored quiver Ω({Γ ω } ω∈Ω0 ) is called the disjoint union of {Γ ω } ω∈Ω0 and is denoted by ω∈Ω0 Γ ω .
Example 7.18. Let Ω be the colored quiver
Let Γ be the colored quiver
For a disjoint union Γ of colored quivers, the atom spectrum of the Grothendieck category A Γ is described as follows.
Proposition 7.19. Let {Γ λ } λ∈Λ be a family of colored quivers and Γ = (Q 0 , Q 1 , C) be the disjoint union λ∈Λ Γ λ . Then we have
Proof. Since we have M Γ = λ∈Λ M Γ λ , it holds that
by Proposition 2.12 (1). By Proposition 3.2, the subset ASupp M Γ λ of ASpec A Γ is open for any λ ∈ Λ.
Notations 7.20. We describe the colored quiver Ω({Γ ω } ω∈Ω0 ) in Definition 7.17 as the diagram of Ω by replacing each vertex ω by Γ ω and each arrow to a bold arrow. For example, the colored quiver Ω({Γ ω } ω∈Ω0 ) in Example 7.18 is described as
In the case where the colors of arrows in Ω are omitted in a diagram, we assume that distinct arrows in Ω have distinct colors. For example,
The following results contain a key idea to construct a Grothendieck category whose atom spectrum is isomorphic to a given partially ordered set.
be a family of colored quivers with Q i 0 = ∅ for each i ∈ Z ≥0 and Γ = (Q 0 , Q 1 , C) be the colored quiver
(1) Let x be a nonzero element of M Γ of the form
where V i is a finite subset of Q i 0 for each i ∈ Z ≥0 , and q v ∈ K \ {0} for each v ∈ V i . Take the smallest j ∈ Z ≥0 satisfying V j = ∅, and let
Proof. For each i ∈ Z ≥0 , v ∈ Q i 0 , and w ∈ Q i+1 0 , denote by c(v, w) the color of the arrow from v to w in Γ.
(1) Let v ∈ Q i 0 , where l ∈ Z ≥0 with j < l. Take v ′ ∈ V j and w i ∈ Q i for each i ∈ {j + 1, j + 2, . . . , l − 1}. Then we have
By a similar argument to that in Example 7.16, we have x ′ S C = xS C . (2) In the setting of (1), we have
Since L is a sum of submodules of M Γ of the form xS C , the assertion follows.
(3) Let L 0 ⊂ L 1 ⊂ · · · be an ascending chain of submodules of M Γ . By (2), there exists j, l ∈ Z ≥0 such that for any l ′ ∈ Z ≥0 with l ≤ l ′ , we have
(1) M Γ is a monoform S C -module, and we have For any i ∈ Z ≥0 , we have ASpec 
Hence we deduce the conclusion. 
Therefore the assertion holds.
In Proposition 4.6, it is shown that the atom spectrum of any locally noetherian Grothendieck category satisfies the ascending chain condition. The next theorem is a partial answer to the question which partially ordered sets appear as the atom spectra of locally noetherian Grothendieck categories. For an element p of a partially ordered set P , denote by V (p) the subset {p ′ ∈ P | p ≤ p ′ } of P . Recall that an Alexandroff space is a topological space X such that the intersection of any family of open subsets of X is also open.
Theorem 7.23. Let P be a partially ordered set which satisfies the ascending chain condition and the following condition: for any p ∈ P , there exists a countable subset
Then there exists a locally noetherian Grothendieck category A such that ASpec A is an Alexandroff space and is isomorphic to P as a partially ordered set.
Proof. Since P satisfies the ascending chain condition, by induction, we can construct a family
} p∈P of colored quivers satisfying the following conditions:
(1) For any maximal element p of P , Γ p is the colored quiver
(2) For any nonmaximal element p of P , Γ p is the colored quiver
where {p 0 , p 1 , . . .} = J(p). The label on each bold arrow is of the form (p; i, j), where i, j ∈ Z ≥0 with i ≤ j.
For any p ∈ P , by Proposition 7.22 (1), the S C p -module M Γ p is monoform, and we have 
For any p ∈ P , the subset ASpec A Γ p of ASpec A Γ is smallest among open subsets of ASpec A Γ containing p. Therefore ASpec A Γ is an Alexandroff space and is isomorphic to P as a partially ordered set.
In particular, any finite partially ordered set appears as the atom spectrum of some locally noetherian Grothendieck category.
Corollary 7.24.
(1) Let X be a finite Kolmogorov space. Then there exists a locally noetherian Grothendieck category A such that ASpec A is homeomorphic to X.
(2) Let P be a finite partially ordered set. Then there exists a locally noetherian Grothendieck category A such that ASpec A is isomorphic to P as a partially ordered set.
(1) Let P be the corresponding finite partially ordered set to X by Proposition 4.1 (2). By Theorem 7.23, there exists a locally noetherian Grothendieck category A such that ASpec A is an Alexandroff space and is isomorphic to P as a partially ordered set. Since both finite Kolmogorov spaces ASpec A and X correspond to the finite partially ordered set P , they are homeomorphic.
(2) This follows directly from Theorem 7.23.
Remark 7.25. There exists a locally noetherian Grothendieck category whose atom spectrum does not satisfy the additional condition in Theorem 7.23. Consider the locally noetherian Grothendieck category Mod C[x]. Then we have
is an uncountable discrete subset of ASpec(Mod C[x]), the partially ordered set ASpec(Mod C[x]) does not satisfy the additional condition Theorem 7.23.
In the proof of Theorem 7.23, we constructed a locally noetherian Grothendieck category by induction since the partially ordered set satisfies the ascending chain condition. For a general partially ordered set, we need different ideas in order to construct a Grothendieck category. The following lemma provides one of important ideas.
be a colored quiver. Define a colored quiver Γ = (Q 0 , Q 1 , C, s, t, u) as follows.
( 
where V i is a finite subset of Q ′ 0 for each i ∈ Z ≥0 , and
Take the largest j ∈ Z satisfying V j = ∅, and let
Note that Γ is illustrated as
❴B R (2;1)
and take v ′ ∈ V j . For any w ∈ V j−1 , by letting c = 1 c v ′ ,w , we have
It follows that x (j−1,w) ∈ xS C + L, and hence x ′ ∈ xS C + L. Since we have
Since Γ has the set 2 Q 1 of arrows with distinct colors, we can deduce the conclusion by a similar argument to that in the proof of Lemma 7.21 (1).
We show the main construction theorem of Grothendieck categories.
Theorem 7.27.
(1) Let X be a Kolmogorov Alexandroff space. Then there exists a Grothendieck category A such that ASpec A is homeomorphic to X.
(2) Let P be a partially ordered set. Then there exists a Grothendieck category A such that ASpec A is isomorphic to P as a partially ordered set.
Proof. By Proposition 4.1 (1), it is suffices to show that for any partially ordered set P , there exists a Grothendieck category A such that ASpec A is an Alexandroff space and is isomorphic to P as a partially ordered set.
Index P = {p θ } θ∈Θ by a well-ordered set Θ. For a totally ordered set T , define another totally ordered set T by T = T ∪ {∞}, where ∞ is supposed to be larger than any element of T . Define a totally ordered set E by
with the lexicographic order. For each θ ∈ Θ, denote by E θ the subset of E consisting of elements e = (θ 0 , i 1 , θ 1 , . . . , i l , θ l , ∞, ∞) of E with θ 0 = θ. Let
Define a colored quiver Γ = (Q 0 , Q 1 , C, s, t, u) as follows.
( ✤ . . . ① S h . . .
where ∆ θ is the colored quiver
Note that for any e, e ′ ∈ E θ , we have x ve S C ⊂ x v e ′ S C if and only if e ≤ e ′ . Let x be a nonzero element of M Γ θ . Then there exist e(0), . . . , e(n) ∈ E θ satisfying e(0) > · · · > e(n) and
x v e(j) q j , where q 0 , . . . , q n ∈ K \ {0}. We show that xS C = x v e(0) S C by induction on n. Assume that n ≥ 1. For each j = 0, . . . , n, let
Take the smallest m ∈ Z ≥1 satisfying (i
Then by Lemma 7.26 and Lemma 7.21 (1), there exists n ′ ∈ {0, . . . , n} such that (i
m ), and
x v e(j) q j can be regarded as an element of M Γ θ ′ , and hence by the induction hypothesis, we obtain xS C = x v e(0) q 0 S C = x v e(0) S C .
By a similar argument to that in the proof of Proposition 7.22 (1), it follows that M Γ θ is a monoform S C -module. The S C -module M ∆ θ is simple. We show that
For each e = (θ 0 , i 1 , θ 1 , . . .) ∈ E with θ 0 = θ, define a submodule L < e of M Γ θ by
Since E is a totally ordered set, and any subset of E θ has the supremum in E, any nonzero proper submodule L of M Γ θ is of one of the following forms.
In the first three cases, M Γ θ /L has an essential submodule isomorphic to M Γ θ ′ or M ∆ θ ′ for some θ ′ ∈ Θ with p θ < p θ ′ . Hence by Proposition 2.16 and Proposition 2.15 (1), we have
In the fourth case, we show that any nonzero submodule
θ with e < e. Define e ′ , e ′′ ∈ E by
Then L < e ′ /L < e is isomorphic to L < e ′′ /L < e ′ since these S C -modules are annihilated by s c for any c = 2 c θ l ,i e ′ ,e ′′ ∈ 2 C, where i, e ′ , and e ′′ are arbitrary. This shows that L ′ /L is not monoform. Hence we have
and ASupp L = ASupp M Γ θ for any nonzero submodule L of M Γ . Since we have Γ = θ∈Θ Γ θ , it holds that
by Proposition 7.19. By a similar argument to that in the proof of Theorem 7.23, the topological space ASpec A is Alexandroff. It is easy to verify the following properties.
(1) For any distinct θ, θ ′ ∈ Θ, we have
Since M ∆ θ is a simple S C -module for any θ ∈ Θ, the subset Φ of ASpec A Γ is open. Hence we have ASupp(ASupp −1 Φ) = Φ by Lemma 5.9. Let A = A Γ / ASupp −1 Φ. Then by Theorem 5.17, the topological space ASpec A is Alexandroff, and is isomorphic to P as a partially ordered set.
Examples of Grothendieck categories
In this section, by using methods in section 7, we introduce several Grothendieck categories which have remarkable structures. As one of these construction, we give a counter-example to the question stated in [Pop73] .
For a commutative noetherian ring R and an R-module M , we have
In particular, the set Supp M is determined by Ass M and the partial order on Spec R. The following proposition shows strongly that we cannot show this kind of result for a general locally noetherian Grothendieck categories.
Proposition 8.1. There exist a locally noetherian Grothendieck category A and an object M in A such that ASpec A = {α, β}, α < β, AAss M = {β}, and ASupp M = {α, β}.
Proof. Let ∆ be a colored quiver consisting of a vertex with no arrow and Γ ′ be the colored quiver
and Γ = (Q 0 , Q 1 , C) be the colored quiver
Note that Γ ′ is the colored quiver denoted by Γ in Example 7.16. By Remark 7.12, we have an exact sequence
By Proposition 7.22 (or by the argument in Example 7.16), the S C -module M Γ ′ is monoform, and ASupp M Γ ′ = {M Γ ′ , M ∆ } with M Γ ′ < M ∆ . By Proposition 2.11 (1), we have
Since M Γ has an essential submodule isomorphic to M ∆ , we have AAss M Γ = AAss M ∆ = {M ∆ } by Proposition 2.16.
For a locally noetherian Grothendieck category A satisfying ASpec A = ASupp M for some noetherian object M in A, there exists a minimal atom in A by Proposition 4.7. This does not necessarily hold for a general locally noetherian Grothendieck category.
Proposition 8.2. There exists a nonzero locally noetherian Grothendieck category with no minimal atom.
Proof. By Theorem 7.23, there exists a locally noetherian Grothendieck category A such that ASpec A is an Alexandroff space and is isomorphic to the partially ordered set {p i | i ∈ Z ≥0 } with p 0 > p 1 > · · · .
For a commutative noetherian ring R, the height of any prime ideal is finite by Krull's height theorem. For a locally noetherian Grothendieck category A, the atom spectrum of A does not necessarily satisfy the descending chain condition even in the case where ASpec A = ASupp M for some noetherian object M in A.
Proposition 8.3. There exists a locally noetherian Grothendieck category A and a noetherian object M in A such that ASpec A = ASupp M , but ASpec A does not satisfy the descending chain condition as a partially ordered set.
Proof. By Theorem 7.23, there exists a locally noetherian Grothendieck category A such that ASpec A is an Alexandroff space and is isomorphic to the partially ordered set {p i | i ∈ Z ≥0 } ∪ {p ∞ } with p 0 > p 1 > · · · and p i > p ∞ for each i ∈ Z ≥0 . Let H be a noetherian monoform object in A such that H is the atom in A corresponding to p ∞ . Then by Proposition 4.2, we have ASpec A = ASupp H.
For a commutative ring R, the topological space ASpec(Mod R) is Alexandroff by Proposition 3.3. Hence the set of maximal (resp. minimal) elements of ASpec(Mod R) is an open (resp. closed) subset of ASpec(Mod R) by Proposition 4.4. However, this does not necessarily hold for a Grothendieck category A even in the case where A is locally noetherian. Since any nonzero submodule of M Γ ′ has a subquotient isomorphic to M ∆ i for some i ∈ Z ≥0 , the the subset Ψ of ASpec A Γ is not closed.
In the rest of this section, we give a negative answer to the question stated in [Pop73, Note 4.20.3], which asked whether any nonzero Grothendieck category has a prime localizing subcategory. By considering Theorem 6.8, it suffices to show that there exists a nonzero Grothendieck category with no atom. Note that the question is true for the categories of modules over rings and locally noetherian Grothendieck categories since these categories have simple objects.
Theorem 8.5.
(1) There exists a nonzero Grothendieck category with no atom. (2) There exists a nonzero Grothendieck category with no prime localizing subcategory. Define a colored quiver Γ = (Q 0 , Q 1 , C, s, t, u) as follows.
(1) Let Q 0 = {v e } e∈E .
(2) Let C = 1 C ∐ ∞ C and Q 1 = 1 Q 1 ∐ ∞ Q 1 , where 
In this diagram, the colors of some arrows appearing in bold arrows are identified with the colors of some arrows in the colored full subquiver Γ i+j for some j ∈ Z ≥1 . For example, the colored full subquiver By a similar argument to that in the proof of Theorem 7.27, for any nonzero element x of M Γ i , there exists e ∈ E i such that xS C = x ve S C . Furthermore, any nonzero proper submodule L of M Γ i is of one of the following forms.
(1) L = x ve S C for some e = (i 0 , . . . , i l , −∞, −∞, . . .) ∈ E i , where l ≥ 1. (2) L = L > e for some e = (i 0 , i 1 , . . .) ∈ E, where i 0 , i 1 , . . . ∈ Z ≥0 and i 0 < i 1 < · · · . In the first case, if i l = i l−1 + 1, then M Γ i /L has an essential submodule isomorphic to the simple S C -module defined by the colored quiver 
Then we have
e < e ′′ < e ′ < e ′ < e, and (x v e ′ S C )/L > e is isomorphic to (x v e ′′ S C )/L > e ′ . This shows that L ′ /L is not monoform. Since M Γ i has no monoform submodule, any atom in A Γ is represented by a noetherian S Cmodule. Denote by X the smallest localizing subcategory of A Γ containing all the noetherian S C -modules. Let A = A Γ /X . Then by Theorem 5.17, there exists no atom in A.
Since M Γ 0 has no nonzero noetherian submodule, M Γ 0 does not belong to X by Proposition 5.5. Hence by Theorem 5.11 (4), there exists a nonzero object in A.
(2) This follows from Theorem 6.8 and (1).
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